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CONTACT HOMOLOGY AND HOMOTOPY GROUPS 
OF THE SPACE OF CONTACT STRUCTURES 

Frederic Bourgeois 

Abstract. Using contact homology, we reobtain some recent results of Geiges 
and Gonzalo about the fundamental group of the space of contact structures on 
some 3-manifolds. We show that our techniques can be used to study higher- 
dimensional contact manifolds and higher order homotopy groups. 



1. Introduction 

Geiges and Gonzalo [7] recently studied the topology of the space E{M) of 
contact structures for some 3-manifolds M. In particular, they showed that 
the fundamental group 7ri(S(r'^), based at any tight contact structure ^„ on 
contains an infinite cyclic group. They obtain a similar result in the more 
general case of T^-bundles over S^. Their argument involves classical techniques 
of contact geometry, but relies on the classification of tight contact structures 
on these manifolds. It is therefore limited to 3-dimensional contact manifolds. 

The aim of this paper is to present an alternative proof for this result that 
is based on contact homology. The advantage of this technique is that it can 
be used to study the fundamental group 7ri(S(M),^o) for higher-dimensional 
contact manifolds M, as well as homotopy groups of higher order 7rfc(S(M), ^o)- 

Contact homology is an invariant of contact structures that was recently intro- 
duced by Ehashberg, Givental and Hofer 5 . The contact homology i?C*(M, ^) 
of a contact structure ^ on M is defined as the homology of a chain complex 
(C*, d). Let a be a contact form for ^, i.e. ^ = kera. The Reeb vector field Ra 
associated to a is characterized by i{Ra)da = and a{Ra) = 1. It is possible 
to choose a generically, so that the closed orbits of Ra are nondegenerate; in 
particular, the set of closed Reeb orbits is countable. For simplicity, we assume 
that the Reeb vector field has no contractible closed orbits. Fix a nontrivial 
free homotopy class a in M and let be the module that is freely generated 
by the closed Reeb orbits in the free homotopy class d, over the coefficient ring 
Q[H2{M,Z)/TZ], where 7e is a submodule of 7l2(M,Z) such that TZ C kerci(0. 

We choose a compatible complex structure on ^ and extend it to an almost 
complex structure J on the symplectization (R x M, d(e*a)) by = Ra- We 
consider those J-holomorphic cylinders in this symplectic manifold that converge 
to closed Reeb orbits as t — > ±oo. We can associate an element of H2{M,'Z)/TZ 
to such a J-holomorphic cylinder in the following way. The homotopy class d 
being nontrivial, wc choose a loop representing a and a homotopy between that 
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loop and any closed Reeb orbit in class a. Attaching the projection to AI of a 
J-holomorphic cylinder to a pair of the above homotopies, we obtain a 2-torus 
in M and hence a homology class in H2 (M, Z) . 

We then define a linear niorphism d : ^ of degree —1 that counts 

the J-holomorphic cylinders of index 1 in (M x M, d{e*a)) and that encodes their 
homology class using the coefficient ring. The morphism d has the property that 
d o d = so that (C°,d) is a chain complex. This follows from the fact that 
d o d counts elements in the boundary of the one-dimensional moduli space of 
J-holomorphic cylinders of index 2. After orienting the moduli spaces !3| and 
associating a sign [S] to each J-holomorphic cylinder of index 1, two terms in 
do d corresponding to boundary points of the same connected component in the 
moduli space will cancel each other. The contact homology HC^{M, ^) of (M, ^) 
is then defined as the homology of the chain complex (CJ, d). It is independent 
of the choice of a contact form a and of a complex structure J for ^. 

We will show how to use contact homology to study the space of contact 
structures. Following the philosophy of this paper, Kalman [TO] obtained similar 
results for the fundamental group of the space of Legendrian embeddings in 
dimension 3, using relative contact homology. 

Acknowledgements. This work was initiated during an EDGE postdoc at Ecole 
Poly technique. The author is grateful to Emmanuel Giroux and the referee for 
suggesting improvements to this paper. 



2. Automorphisms of contact homology 

In view of Gray stability, the primary use of contact homology is to study 
the set 7ro(S(Af)) of connected components of the space of contact structures. 
In this section, we explain how to study 7ri(S(Af ), ^0) using automorphisms of 
contact homology. 

Let ^3, s G M/Z, be a loop of contact structures based at ^o- Choose a loop 
of contact forms as such that = kera^ for s S R/Z. Let / : M ^ [0, 1] be 
a smooth decreasing function such that f{t) = liit is sufficiently small and 
f{t) = if i is sufficiently large. If the function / varies slowly enough, the 2- 
form d{e*af(^t)) on R x is symplectic; we denote the corresponding symplectic 
cobordism by (R x M, w). 

Let J be a compatible almost complex structure on (R x Af, w) such that, 
for \t\ sufficiently large, J^ = Rag, J^o — Co and J is independent of \t\. The 
choice of the complex structure J on ^ for \t\ large is dictated by the following 
Lemma. 

Lemma 1. Let (M, ^) be a contact manifold with contact form a and assume 
that the Reeb field Ra has no contractible closed orbits. Let a be a free homotopy 
class containing only simple closed Reeb orbits. 
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Then, for a generic W-invariant compactible almost complex structure J on 
the symplectization (M x M,d{e*'a)) satisfying = ^ and = Ra, all J- 
holomorphic cylinders asymptotic to closed Reeb orbits in class a are generic, 
i.e. their linearized Cauchy-Riemann operator is surjective. 

In other words, under the assumptions of Lemma ^ transversahty can be 
achieved rather easily. Note that a similar result clearly holds in the case of 
symplectic cobordisms, because the almost complex structure J does not satisfy 
any other condition than compatibility with the symplectic structure away from 
the ends. 

Lemma n was originally proved by Dragnev and will be proved indepen- 
dently in the Appendix. 

Let $ : C* — > C* be the linear morphism obtained by counting J-holomorphic 
cylinders of index in (R x M,uj). 

Proposition 1. The above construction induces a group morphism 

7j : ^i(S(M),eo) ^ Aut(i/a(Af,eo)). 

Proof. The linear morphism $ is a chain map, i.e. satisfies the relation $ o d = 
d o $. This follows from the fact that $ o d — o $ counts elements in the 
boundary of the one-dimensional moduli space of J-holomorphic cylinders of 
index 1 in (K x M, w). As in the case oi d o d, all terms will cancel in pairs. 
Therefore, $ induces an endomorphism $ : HC^{M, ^o) ^ HC^{M, ^o)- In order 
to show that $ is an isomorphism, we construct an inverse of Consider the 
reversed loop Cs ~ 6i-s, for s G [0, 1]. We write (M x M,w') for the symplectic 
cobordism constructed from as above, and <I> for the morphism of contact 
homology corresponding to this symplectic cobordism. Note that we can glue 
the symplectic cobordisms (R x Al, u) and (M x M, uj') and obtain a symplectic 
cobordism (R x M,lo^u)'). The morphism of contact homology corresponding to 
this symplectic cobordism is the composition <I> o The symplectic form oj'^lo' 
can be deformed into the symplectic form (i(e*Qfo)- Since the contact homology 
morphism corresponding to a symplectization is the identity, it follows that $ 
is a left inverse for We prove similarly that $ is a right inverse for $. 

We set r]{£^s) = We need to check that is well-defined, i.e. that $ is 
invariant under deformation of S^s- Given a 2-parameter family ^^^t, for s, t G [0, 1] 
and satisfying ^o,* — Ci.t = $o for t ^ [0, 1], we can construct a 1-parameter family 
of symplectic cobordisms (M x M, ojt) equipped with compatible almost complex 
structures Jt. The chain maps $i : (C*,c?) [C^,d), i = 0, 1 corresponding to 
the symplectic cobordisms at i = and t — 1 satisfy the relation $i — $0 = 
K o d -\- d o K , where K : d, ^ C^+i is a linear morphism of degree 1 counting 
Jt-holomorphic cylinders of degree — 1 in (Rx M,ujt), for t G [0, 1]. This relation 
is obtained by counting elements in the boundary of the one-dimensional moduli 
space of Jt-holomorphic cylinders of index in (R x M, wt) for < i < 1. 
It follows that the induced isomorphisms <i>o and $1 on contact homology are 
identical. 
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Finally, we show that the map 77 is a group morphism. Given 1-parameter 
famihes and for s S [0, 1], such that ^0 = = Co ~ ^i^ we can construct 
symplectic cobordisms (R x M,uj) and (M x M,uj'). Then, the glued cobordism 
(M X M,uj^uj') corresponds, up to deformation, to the catenation of the paths 

and S,'s- But we already saw that the isomorphism ?7([Cs]-[Cs]) counting J- 
holomorphic cylinders of index in (M x AI, ojftUj') is the composition ?7(Cs) °??(Cs) 
of the isomorphisms r]{^s) and r]{0- □ 

This proposition shows in particular that a loop in S(Af ) induces a nonzero 
element of 7ri(S(Af ), ^0) as soon as r]{£_s) ^ id. 

We now turn to a particular case for which it is very easy to compute the 
automorphism 77(^8 ). Assume that there exists a loop (f)s, s Cz M/Z, of diffeomor- 
phisms of M such that <^s — 4>s*£,o for all s € R/Z. Let ao be a contact form 
for ^0 and Jo be an M-invariant almost complex structure in the symplectization 
(M X AI, c?(e*Q;o)). Then we may choose the symplectic cobordism (M x AI, uj) in 
the definition of 77(^5) to be the image of the symplectization (R x AI,d{e*ao)) 
under the diffeomorphism {t,p) [t, (j)f(^t^{p)). Moreover, we may choose the 
almost complex structure J on (R x AI, uj) to be the image of Jo under the above 
diffeomorphism. 

Now, if Jo is generic as in Lemma^ the only Jo-holomorphic cylinders in the 
symplectization are the vertical ones. Hence, the only J-holomorphic cylinders 
in (K X AI, uj) are the cylinders (t, d) — > (t, </>/(*) We can summarize these 

observations in the following lemma. 

Lemma 2. Let d be a free homotopy class containing only simple closed Reeb 
orbits. Suppose that — 4's*£,q for all s G M/Z where (j)^, s £ M/Z, is a loop of 
diffeomorphisms of AI . Then, for any closed Reeb orbit 7 in class d, 

where A e Il2{AI, Z) is the homology class of the torus (t, 'd) — > o 7(1^)- 

Note that Lemma |5] also holds if 0s, s G [0, 1], is a path of diffeomorphisms 
such that 01 preserves the generic contact form a that is used to compute the 
contact homology of ^o- 

3. Fundamental group of the space of contact structures 

In this section, we reprove the result of Geiges and Gonzalo [7] about the 
fundamental group of the space of contact structures on T^-bundles over S*^ and 
extend it to higher dimension. 

We first consider the case of the 3-torus. Recall (see for example JT]) that any 
tight contact structure ^ on is diffeomorphic to one of the contact structures 
^„ = ker a„, n — 1,2,..., where 

a„ = cos{n9)dx + sm{n6)dy. 

Proposition 2. The fundamental group 7ri(S(r^), based at any tight contact 
structure ^„ on T^ contains an infinite cyclic subgroup. 



CONTACT HOMOLOGY AND HOMOTOPY GROUPS 



10005 



Proof. Consider the loop of contact structures ^„,s = kera„^s where 
fXn,s — cos{nO — 2ns)dx + sm{nO — 2Trs)dy. 



Consider the homotopy class d of loops wrapping once along in the x- 
direction. There are n circles of closed Reeb orbits in the class d, at angles 
9 — ^fc, k = 0, ...,n - 1. Let 7JC°(r^,<^„) be the contact homology over 
the coefficient ring Q[_ff2(r'^,Z)/7?.], where TZ is generated by the torus A^.y G 
iJ2(T^,Z) along the x- and y-coordinates. Each circle gives two generators, see 
[2], in HC!^{T^,^n) with degree —1 and 0. Let be the closed orbit of degree 
at 6* = ^k. 

n 

By Lemma |5] and the remark below it, the image of 7^ under the automor- 
phism ?7(Cn.s) is proportional to 7^+1- Moreover, if we choose 70 as represen- 
tative of d and cylinders {t^d) — > (xq -I- "i^jyo: ir^^) ^ homotopies from 70 to 
7/c, k = 0, ...,n — 1, the above J-holomorphic cylinder has a trivial homol- 
ogy class except if fc = n — 1. In this last case, we obtain the homology class 
-A-x,e G H2{T^, Z) of the 2-torus spanned by the direction of x and 9. 

Hence, on iJCg (T"^, the automorphism 77(^,1. s) is given by 



Since all powers of this automorphism are distinct from the identity, the loop ^n,s 
of contact structures generates an infinite cyclic subgroup in 7ri(S(T'^), ^„). □ 

Remark 1. The loop of contact structures induced by 0s (x, y, 9) — {x + s, y, 9) 
or <l)s{x,y,9) — {x,y + s,9) is homotopically trivial, since the contact struc- 
tures ^„ are T^-invariant. Using our techniques, if we keep the coefficient 
ring Q[i?2(T^,Z)/7?.], the contact homology automorphism induced by (/f^ is 
the identity. If instead we consider contact homology over the coefficient ring 
Q[H2{T^,I')], then HC^{T^,^n) has n generators 71, . . . ,7„ in degree -1, sat- 
isfying the relation (1 — e"^"=")7i — 0. Therefore, multiplication by e"^"=" is 
trivial and the contact homology automorphism induced by 0s is the identity, 
as expected. 

We can extend this result to the more general case of T^-bundles over S^. 
For A e SL{2,Z), let T\ be the quotient of x R under the diffeomorphism 



The manifold T| carries an infinite family (^„, n — 1,2,... of contact structures 
[S] induced by A-invariant contact structures on x K of the form 





cos f{0)dx + sin f{0)dy = 



satisfying 



2(n - 1)tt < sup {f{9 + 2tt) - f{e)) < 2m:. 



ees^ 
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We can define loops of contact structures Cn,s, s G R/Z, by the equation 
cos f{e - 2'Ks)dx + sin f{0 - 2'Ks)dy = 0. 

Proposition 3. The fundamental group tti (S(T|), C„) based at the contact struc- 
ture Cn on contains an infinite cyclic subgroup. 

Proof. With the above contact form for (n, each closed Reeb orbit is contained 
in a T^-fiber over 9 corresponding to a rational slope. Moreover, as in the case 
of T^, each such fiber gives one generator of contact homology in degree —1 and 
one generator in degree 0, in the free homotopy class corresponding to 9. 

If A has finite order in SL{2,'Z), equivalently if A is elliptic (|tr A\ < 2) or 
A = ±/, then any nontrivial, free homotopy class a in a T^-fiber contains finitely 
many closed Reeb orbits. We are then in a situation analogous to Proposition 
121 and ?7(Cra,s) is a cyclic permutation with multiplication of one generator by 
el^] ^ 1 mH2{TlZ). 

If A is hyperbolic (|tr A\ > 2), then any nontrivial, free homotopy class in a 
T^-fiber contains infinitely many closed Reeb orbits 7/,., k G Z, of degree 0. In 
this case, rj{Cn,shk = 7fc+i for aU fc e Z. 

Finally, the case in which A is parabolic (|tr A\ = 2) but A ^ ±7 is interme- 
diate because the number of closed Reeb orbits in a free homotopy class a may 
be finite or infinite, depending on a. Therefore, the automorphism r]{C,n,s^ is 
either a cyclic permutation with multiplication of one generator by a nontrivial 
unit or a shift, depending on a. □ 

We now turn to the unit cotangent bundle ST*T,g of a compact, oriented 
surface Sg of genus g > 1. Given a Riemannian metric on Sg, this manifold is 
naturally equipped with the Liouville 1-form, defining a contact structure ^can- 
Proposition 4. The fundamental group 7ri(S(5r*I]g), ^can) based at the contact 
structure ^can on ST*T,g contains an infinite cyclic subgroup. 

Proof. Let acan be the Liouville 1-form corresponding to a hyperbolic metric on 
Eg. Since the Reeb flow on ST*'Sg coincides with the geodesic flow, there is a 
unique closed Reeb orbit in a fixed, nontrivial, free homotopy class a. 

The principal S'^-bundle ST*Yig is naturally equipped with a fiberwise S^- 
action given by diffeomorphisms (j)s, s G R/Z, of 5r*I]g. Let — (j)lacan and 

— ker as . The corresponding loop of closed Reeb orbits in class d spans the 
preimage in ST*I]g of the geodesic in Eg. This is a torus T that generates a free 
submodule in H2{ST*Yig,Z). Indeed, we can find a loop in Eg intersecting our 
closed geodesic exactly once; the natural lift of this loop then has intersection 
number 1 with T. 

Hence, r]{^s) is multiplication by e^-^l ^ 1, and generates an infinite cyclic 
subgroup of 7ri(S(Sr*Sg), Un)- □ 

We now extend these 3-dimensional results to the contact manifold T^. Lutz 
gave the first example of a contact form on T^, using a knotted fibration 
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if> = ((^1, (^2) : T'^ ^ of the 3-torus, given by 

ip\ ~ e(sin0i COS03 — sin02 sin^s), 

ip2 = e(sin 01 sin + sin 02 cos ^3). 

The corresponding submersion ip — 'p/W'fiW : \ {(fi — 0} ^ defines an 
open book decomposition of with binding ip~^(0) and pages 'ip~^{p), where 
p is a point in S"^ C M^. If e > is sufficiently smafi, and if /3 is a 1-form on 
that does not vanish on the binding and such that d/3 is an area form on each 
page, then the T^-invariant 1-form 

a = Lpid94 + ip2d9^ + (3 

defines a contact structure ^ = kera on . The Reeb field for that contact 
form is proportional to 

d d ^ 

where X is the Hamiltonian vector field of the function ^{ipf + (p\) restricted to 
each page, with respect to the symplectic form d(3. Let a be the free homotopy 
class of loops wrapping once along the 9^ coordinate. The closed Reeb orbits in 
class d correspond to critical points of ipl on the page 0) on T^. There are 

four maxima and eight saddles. The grading of the closed orbits for the maxima 
exceeds by 1 the grading of the closed orbits for the saddles. 

Proposition 5. The fundamental group 7ri(S(r'^), based at the contact struc- 
ture contains the subgroup 1? . 

Proof. Let (pi , i — 1,2,3, be the loops of diffeomorphisms of T° defined by 
(fli, . . . , 6*5) = (6*;, . . . , 0'r,) with 9', ^9, + s and 9'^ = 9j for j ^ i. Since the 
contact structure ^ is invariant under and (pi^^^ , we can consider 3 circles of 
contact structures ^1*^ = (^i*''),^ for i = 1,2,3. We wish to compute for 
i = 1,2,3. 

Let HC^{T^, ^) be the contact homology over the ring Q[H2{T^, 1) /Tl], where 
71 is generated by the torus ^4^5 e H2{T^ ,1) along the 9^- and 05-coordinates. 
Consider a closed Reeb orbit 7 in class a. 

As in Proposition 121 the image of 7 under the automorphism ?7(^s*'') is 76"*''^, 
where Ai^/^ G i?2(r^,Z) is the homology class of the 2-torus spanned by the 
directions of 9i and ^4. 

On the other hand, the closed Reeb orbits corresponding to the saddles induce 
in 7JC°(r^,^) the quotient of a free module of rank 8 by a free module of rank 
at most 4. Therefore, it contains at least a free summand. The automorphism 
ry(^s*-') on that summand is multiplication by e"^' *. 

Therefore, any nontrivial composition of automorphisms r]((_i^^) is distinct 
from the identity, and we obtain a subgroup of 7ri(S(T^), ^). □ 

The construction of Lutz was generalized by the author fl for T^- 
invariant contact structures on higher-dimensional manifolds including the tori 
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ji2n+i^ The computation scheme of contact homology for T^n+i jg analogous 
to the case of . However, it is necessary to study contractible closed Reeb 
orbits for a T^-invariant contact form on T^n+i^ order to make sure that the 
cylindrical contact homology is well-defined. At this point, it is reasonable to 
formulate the following conjecture. 

Conjecture. There exists a T'^ -invariant contact structure ^ on T'^"+^ such 
that the fundamental group 7ri(S(T^"+^), based at the contact structure ^, 
contains the subgroup Z^"~^. 

4. Homotopy groups of higher orders 

In this section, we explain how to extend the results of section [3 to higher 
homotopy groups. 

Let ^s, s G [0, l]'^, with £^s — ■Co for s G 9[0, 1]*^, be a representative of 
an element in 7rfc(S(M), ^o)- We view this representative as a (fc — l)-parameter 
family of loops ^s",s', s" GlR/Z,fors' G [0,1]'^"^. To each loop, we can associate, 
as in section|21 a symplectic cobordism. We therefore obtain a (fc — l)-parameter 
family of symplectic cobordisms (M x M, w^'), with s' G [0,1]'°^"'^, such that 
ujs' = d{e*ao) for s' G ^[0, 1]^-^. 

Let Js' be a compatible almost complex structure on (R x A/, Wg'), s' G 
[0, 1]'^"^, with the same properties as in section|2 

This family of symplectic cobordisms may contain nongeneric Js'-holomorphic 
cylinders. Let K},_i : — > C^^k-i be the linear morphism of degree fc — 1 
obtained by counting Jjj/-holomorphic cylinders of index 1 — fc in (M x M^ujgi), 
for s' G [0, l]'^-!. 

Proposition 6. For fc > 1, the above construction induces a group morphism 

rjk : 7rfc(S(M),eo) ^ Movk-i{HC\{M, ^o))- 

Proof. Let Kk-2{i) '■ C', C,+fc_2, i = 0, 1, be the linear morphism obtained 
by counting J^'-holomorphic cylinders of index 2 — fc in (R x M,ujs'), for s' G 
{i} X [0, l]*^"^. Counting elements in the boundary of the one-dimensional moduli 
space of Js/-holomorphic cylinders of index 2 — fc in (R x Af, cj^/), for s' G 
[0, l]'=-\we obtain a relation Kk-2{1) - Kk-2{0) Kk-iod- {-l)''-^do Kk-i- 
But Kk-2i0) — Kk~2{^), since these morphisms correspond to the same (fc — 2)- 
parameter family of symplectic cobordisms. Therefore, the above relation shows 
that Kk-i is a chain map. 

We denote the contact homology morphism induced by Kk-i by r]k{^s)- We 
need to show that this morphism is invariant under deformation of Given a 
(fc + l)-parameter family ^^ j, for s G [0,1]'^, t G [0,1] and satisfying j = 
for s G d[0, 1]'^, t G [0, 1], we can construct a fc-parameter family of symplectic 
cobordisms (R x M,oJs\t) equipped with compatible almost complex structures 
Js',t- The chain maps Kk{i) : {C^^d) — > {Cr,d), i = 0, 1 corresponding to the 
symplectic cobordisms at [0,1]'^^^ x {0} and [0, l]''"^^ x {1} satisfy the relation 
Kk-i{l) - Kk^i{0) = Kk o d - {-l)^d o Kk, where Kk : C, C,+fc is a 
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linear morphism of degree k counting Js'.t-holomorphic cylinders of index —k 
in (M X M.Us'^t), for s' £ [0, t e [0,1]. The relation is obtained by 

counting elements in the boundary of the one-dimensional moduli space of Js'^t- 
holomorphic cylinders of index 1 — fc in (M x M, ujs',t), for s' e [0, 1]'^^^, t G [0, 1]. 
It follows that the morphisms induced by Kk-i{0) and Kk-i{l) on contact 
homology are identical. 

Finally, we show that the map 77 is a group morphism. Given representatives 
and s G [0,1]'^ for elements in 7r/c(S(M), ^0), we represent their product 
in 7rfe_(S(M), ^0) by 6, s = (s, S) G [0, 1]'^-^ x [0, 2], where = 6 if s G [0, l]'^ 
and = C(g if s G [0, l]'''^^ x [1, 2]. Then, the (fc — l)-parameter family of 
symplectic cobordisms corresponding to the composition of and is the 

union of the (fc — l)-parameter families of symplectic cobordisms corresponding 
to and It then follows that r]k{^s * ^s) = Vk{£,s) + VkiO- ^ 

When is homotopic to (0s)*^O: where (ps, s G [0,1]*'', are diffeomorphisms 
of M such that 0s = id for s G d[0, 1]*^, the morphism 77^(^5) vanishes. Indeed, 
if J is a generic complex structure in the sense of Lemma ^ then the complex 
structures (f>s*J are generic as well. Therefore, there are no holomorphic cylinders 
with a negative index. In order to obtain a nonzero value for 77(^5) in this 
case, we have to turn to an enhanced version of contact homology, involving 
J- holomorphic cylinders with marked points. 

We obtain rigid J-holomorphic cylinders if we require that marked points are 
mapped to some generic cycles in the contact manifold M. To each such cycle in 
M corresponds a generator t in the chain complex C". This will be illustrated 
by the following result. 

Proposition 7. For all n > 1, the homotopy group 7r2„_i(S(T^" x S^"~^),£,o), 
based at the natural contact structure on the unit cotangent bundle of T^", 
contains an infinite cyclic subgroup. 

Proof. The case n = 1 was proved in Proposition |21 so we can assume n > 1. 
We write M — T^" x 5^"^^. There is a natural contact form ag for the contact 
structure ^0 on M, given by 

2n 

ckQ = ^Hidxi, 

i=l 

where xi, . . . , X2n are the coordinates on T^" and Vi ^ 1- 

Let \1/ : SO{2n) x M ^ M he the diffeomorphism induced by the action of 
SO{2n) on the second factor of T^" x ^^"-i. Since 7r2„-2(5'0(2n - 1)) is torsion 
|12|. it follows that the group morphism 

TT2n-l{SO{2n)) ^ 7T2n-l{S^"-') 

in the homotopy long exact sequence induced by the fibration 
SO{2n -l)^ SO{2n) S^""'^ 
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does not vanish. Let b : S*^" ^ S0{2n) be a map such that the image of 
its homotopy class by the above morphism is a map 5^"^^ 5^""^ of degree 
d > 0. Let = ^6(s)?o, for all s G S'^"-!. 

Consider the homotopy class a of loops wrapping once around T^" along the 
ii-direction. There is a (2n — l)-torus of closed Reeb orbits in the homotopy 
class a. Let D be the (2n — l)-cycle in M spanning the variables X2, ■ ■ ■ ,X2n 
along r^", at some value of xi and some generic point of S*^"^^. Let t be the 
generator corresponding to the cycle D. 

Let HC^{M, ^o) be the contact homology over the coefficient ring Q, with the 
additional generator t. Since in this case contact homology coincides with the 
Morse theory of the (2n — l)-torus of closed Reeb orbits 3, all J-holomorphic 
cylinders are contained in a small neighborhood of this (27i — l)-torus and are dis- 
joint from the cycle D. Therefore, HC^{M, ^o) is isomorphic to H^{T^"'^ ,Q[t]), 
with some degree shift. 

With our choice of the map b, there are d points Si, . . . , G S*^"^^ so that 
each closed orbit of {'i^b{si))7^Rao the homotopy class a intersects the cycle 
D in one point, for i = 1, . . . , d. In view of Lemma |2 there is a unique Jg.- 
holomorphic cylinder of index passing through D. Adding a marked point at 
its intersection with D, and taking into account the condition of passing through 
D, we obtain a J^.-holomorphic cylinder of index 2 — 2n. 

Hence, we deduce that 772^-1 (^s) is the multiplication by d • i. If we consider 
the (2n — l)-sphere of contact structures ^g„(s), for s £ 5^"^^, where ■ 
g^n-i _^ j^g^p q£ degree m, then 772n-i(Cg„(s)) is the multiplication 

by md ■ t. therefore, the (2n — l)-sphere ^s, s G 5'^""^, has infinite order in 

Using the same ideas, we can also prove the following variant of Proposition 

IZI 

Proposition 8. Let M be a compact orientable Riemannian manifold of dimen- 
sion 2n, n > 1, with negative sectional curvature and such that 7?i(M, Z) 7^ 0. 
Then the homotopy group 7r2ra-i(S(5'T*M), ^o)j based at the natural contact 
structure on the unit cotangent bundle of M , contains an infinite cyclic sub- 
group. 

Proof. The case n = 1 was proved in Proposition^] so we can assume n > 1. We 
consider a free homotopy class d in ST*M induced by a nontrivial free homotopy 
class do in M. Let ao be the natural contact form for ^o- By the assumptions 
on the curvature of M, there is a unique closed Reeb orbit in class d. Hence, 
the contact homology HC^{ST*M, ^0) with coefficients in Q and any number of 
additional generators, is always generated by this unique closed orbit. 

Since Oq induces a nonzero element of Hi {M, Z) , we can find a cycle Dq G 
H2n-iiM, Z) such that the intersection number of and Dq is equal to d ^ 0. 
Let D G H2n-i{ST* M be a lift of the cycle Do, so that the preimage in 
ST*A1 of the closed geodesic in class ap has intersection number d with D. 
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The definition of , s e 5*^" , and tlie remainder of the proof are the same 
as in Proposition [3 □ 

Appendix : proof of Lemma ^ 

Lemma n was proved independently by Dragnev 0] using a slightly different 
argument. We will follow the arguments from ^1], and adapt them to this 
situation. Let J''(M, a) be the set of M-invariant compatible almost complex 
structures of class C' on (R x M, d(e*a)) satisfying — ^ and — Ra- It 
is a smooth Banach manifold, and its tangent space TjJ^{M, a) is the Banach 
space of endomorphisms 1^ of ^ over M, of class C', such that Y J + JY = and 
da(-,r-) = 0. 

Let 7 and 7 be closed Reeb orbits with periods T and T in class a, let d > 0, 
1 < k <l and p > 2. Let us introduce coordinates (i?, z) G M/Z x u2n-2 -^^ 
tubular neighborhood of these closed Reeb orbits, so that K/Zx {0} parametrizes 
the closed obits. We define i3f '''(7, 7) as the set of maps F = (a, f) : M. x ^ 
R X M, locally in L^, such that 

lim a{s,9) = +00, 

lim f{s,e) = j{T{e-eo)), for some e S'\ 

lim a{s^9) = — oo, 

lim f{s,0) = 7iT{0-eo)), for some ^0 G S'\ 

s — ^ — 00 — 

the maps a(s, 9) —Ts ~ gq, ■d{s, 9) — [9 — 9q) and 0) are in 

Ll'^{M.+ xS^) = Ll{R+ X S\e'^'dsd9) 

for some ao £ M, and the maps a(s, 9) — T_s — Cq, 'd{s, 9) — {9 — 9q) and 2;(s, 9) 
are in 

L^^'^(R- X = L^(M+ X S\e-'^''dsd9) 

for some Oq e M. 

Let /? : M ^ M be a smooth function such that (3{s) = if s < 0, /3(s) = 1 if 
s > 1, and < /3'(s) < 2. For F G S^' (7, 7), let V be the vector space generated 
by the sections l3{s)Ra and I3{s)-§i of F*T{R x M); let F be the vector space 
generated by the sections (i{-s)Ra and /3(-s)^ of F*T{W x M). 

With these definitions, B^''^{^, 7) is a smooth Banach manifold and its tangent 
space TfBI''^{j,j) is the Banach space V © L^'^iR x S*!; i^*T(M x M)) © ]£. 

Let A^'(7, 7) be the universal moduli space, consisting of pairs {F, J) G 
^^'^^(7, 7) X j\M,a) such that F is a J-holomorphic cylinder, for the com- 
plex structure j on R x such that j-^ = Since J-holomorphic cyhnders 
converge exponentially to closed Reeb orbits [S], all holomorphic cylinders are 
in B^''^{j, 7) when d > is sufficiently small. 
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For J e j7'(A/, a), let gj be the J- invariant Riemannian metric on R x M 
defined by 

g{v, w) = da{v, Jw) + a{v)a{w) + dt{v)dt{w). 
Linearizing the Cauchy-Riemann operator at {F, J) using the exponential map 
of gj, we obtain 

L(^p^j-;d:TFBl'\j,2)®Tjj'{M,a) ^ Ll'^^{R x S^; A°'HF*T{R x M))) 

(C,y) ^ LpdjC + Yodfoj, 
The linear map Lpdj is Fredholm and has the form 

where V denotes the Levi-Civita connection oi gj. 

We want to show that A^'(7, 7) is a Banach manifold. Using an infinite 
dimensional implicit function theorem, it suffices to show that the linearized 
Cauchy-Riemann operator L^^p j^d is surjective for all (F, J) £ A^'(7, 7). Then, 
the generic complex structures can be obtained by the Sard-Smale theorem as 
the regular values of the natural projection map tt : A^'(7, 7) J'\M,a). We 
prove surjectivity of L(^p j-jd in the case fc = 1. The case k > 1 can then be 
deduced by elliptic regularity as in 

First assume that F is a vertical cylinder over a closed Reeb orbit 7 = 7 = 7. 
In this case, the operator L(^p jjd splits in two sumniands. The first sunimand is 
an R-invariant operator acting on sections of ^, with nondegenerate asymptotics. 
It is well-known (see for example (iSj *) that such an operator is an isomorphism. 
The second summand is the actual Cauchy-Riemann operator acting on sections 
of C = R{^,i?Q,}, over C*. Its index is 2 and its kernel consists of constant 
sections. Hence, both summands are surjective, and so is Lf^p j^d . 

Let us argue by contradiction for the general case 7 7^ 7. By the Hahn-Banach 
theorem, we can find 7? 7^ in L«''*(R x K^^^{F*T{M. x A/))), with i + i = 1, 
such that 

{j^,LpdjC) + {l.Yodfoj)^Q 

for all (C, Y) e TpBl''^{^,2) ® Tjj\M, a). Since C and Y can be chosen inde- 
pendently, the above two terms have to vanish separately. 
Let p £ R x 5^ be a point such that 

df.^O and r\f{p))^{p]- 

Such a point p is called an injective point. Choose Y e TjJ^{M, a) with support 
in a small ball centered at F{p). Since df o j is injective at p and Yp(^p^ can be 
any endomorphism of ^F(p): it follows from 

(r,,yod/oj} =0 

that the orthogonal projection of 77 to ^ vanishes at p : 77^ (p) = 0. 

Let us prove that, for R > large enough, the set of injective points p E K x S''^ 
is open and dense in (i?, +00) x S^. It will follow that 77^ = on {R, +00) x 5^. 
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Lemma 3. If R > is sufficiently large, then the map f restricted to (R, oo) xS^ 
is an embedding. 

Proof. By Theorem 2.8 of there are local coordinates (t?, z) e S*^ x R^"~^ 
parametrizing a tubular neighborhood of 7 so that 

(1) z{s, 6) = e'f^'o ^(")''"[e(0) + r(s, 6)] 

with 7(s) ^ A < as s ^ +00, e{9) ^ for all Q ^ , and all derivatives of 
r{s,9) uniformly converging to as s ^ +00. Moreover, the component 'd{s,6) 
and its derivatives satisfy 

\d'[i}{s,e)-e]\ KCie-"^' 

for any multi- index / and some Ci,d > 0. 

In particular, if s is sufficiently large, we have 

(2) \\%is,0)\\ > \, 

(3) ^ C'e■^-"^^^'^ 

(4) ^ 

with ii, ?2 > and 11 + 12 > 2. It follows from ||2Jl and Q that, if R is sufficiently 
large, the map /|(_r,oo)xSi is an immersion. 

Let us show that, for R sufficiently large, the map /|(_r,oo)x5i is injective. 
Assume by contradiction that there exist sequences (s„,6'„) and (s^,^^J with 
s„,< ^ 00, en,6'^ G 51 and/(s„,0„) = We write « - s„, - 0„) = 

/9„?7„ with /9„ G R+ and ||w„l| = 1. 

The second order Taylor expansion of d along the line joining (s„,6'„) and 
{s'n,0'n) reads 

for some (s",^") between (s„,6'„) and (s'„,6'^J, so that 

In view of l@J, the second term converges to zero so that w„ (±1,0). In 
particular, t„ as n — > 00. 

The second order Taylor expansion of a component Zi of z along the same 
line gives similarly 

e ) + ^^fsW - 
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for some {sn\dn^) between (s„,6'„) and {s'^,9'„). Therefore, using ||2Jl and 
it follows that pn is bounded away from zero. 

On the other hand, since z{sn, dn) = z{s'„, &'„) it follows from that 

J< ^'^^'^[e(0„) + r(s„, 0„)] ^ e(^?„) + [ei9'^) e(0„)] + r«, O'J. 

In this expression, r{sn,On), e{9'^) — e(0„) and r{s'^,9'^) ^ as n oo, while 
e{9n) is bounded away from zero. Hence, s'j — s„ ^ as well, contradicting the 
fact that pn is bounded away from zero. □ 



Since 7 7^ 7, it is clear that /((i?,+oo) x S'^) n /((-oo, -R) x 5*1) = for 
i? > sufficiently large. In view of Lemma |21 we just have to consider the 
intersection / = f{[-R,R] x S'^) n /((i?,+oo) x S^). Since x S^) is 

compact, f~^{I) is closed in (i?, +00) x 5*^ Suppose f~^{I) n (i?, +cx)) x 
contains an open subset Ui, and let U2 ~ f^^{f{Ui)) n {—R,R) x S^. Since 
/|;7^ is bijective, we can define 4> = iflui)^^ ° f\u2 ■ U2 Ui. With this map, 
we have /(p) — .f{4>{p)) for all P £ C^2- Now, f*da cannot vanish on an open 
set : by the unique continuation theorem F would then be a cylinder over a 
Reeb orbit. Therefore, the map (j) preserves the conformal structure of M x S*^ 
on a dense subset, and hence on the cylinder. Since the function a is determined 
by the Cauchy-Riemann equation up to an additive constant, then for some 
constant C G R, we have a{p) = a{4){p)) + C, for all p e t/2. Therefore, we can 
apply the unique continuation theorem to F and F o (f). We obtain a sequence 
Pi = {si,9i) £ R X satisfying Si +00 and f{pi) = f{p) for some p e U2. 
This contradicts the (exponential) convergence of / to 7 as s — > +00. Therefore, 
the closed set f^^{I) D {R, +00) x cannot contain an open set, and the set of 
injective points in open and dense in M x 5*^. 

We now want to show that 77^ = in {R, +00) x 5^ implies that 77 = on 
an open subset of (i?, +00) x S^. Let v be the orthogonal projection of ^ (or 
of ^) to ^. Then, the orthogonal projection of ^ to ^ is Jv. Let us compute 
gj{Ra, {LFdjOiSs))' '^ti™ C is a section of F*^ : 

ds dO 

dF 

v,C) - 9j{JRc.,yo^0 + gjiRc, (Vc J) Jw) 

oARc, V„C) + gj{Rc.,y ciJ^v)) - gj{R^, JVc( Jt-)) 

gj{Ra, b,C]) 
«(b,C]) 

—da{v, (). 



gj{R^,{LpdjC){j-)) = 
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We obtain 

9j{§-^,iLFdjOi^J)=da{Jv,C) 

in a similar way. We already saw that v cannot vanish on an open set, so we 
can restrict ourselves to points where v ^ 0. Since v and Jv are then linearly 
independent and da is nondegenerate on ^, for p £ {R, +00) x and ri{p) ^ 
we can choose C(p) in such a way that the pairing between r](j)) and LpdjC,{p) 
does not vanish. Taking C to be a section of F*f with small support around p, 
the equation 

gives rjijp) ~ 0. Since p is arbitrary in (_R, +cxd) xS^, t] vanishes in a neighborhood 
of p. 

Since rj is in the kernel of the formal adjoint {L(^p j-)d)* , we can apply the 
unique continuation theorem, so that 77 = on M x S"^. This contradicts our 
assumption that ?7 ^ annihilates the image of the linearized operator L^p j-^d, 
and completes the proof of Lemma ^ 
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